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ABSTRACT 

Semi-er ipfrfcal  p o t e n t i a l  energy cu rves  f o r  t h e  i n t e r a c t i o n  

of two hydrogen atoms i n  t h e  ' 1 r a n d 3 1 +  s t a t e s  have been 

c a l c u l a t e d  by assuming a s imple  approximate wave f u n c t i o n ,  computing 
U 

t h e  e x p e c t a t i o n  v a l u e  of t h e  Hamiltonian f o r  t he  system, and t h e n  

a 
c o n s i d e r i n g  t h e  u n f t s  of energy,  e /ao 

s c r e e n i n g  parameter t o  be a d j u s t a b l e  parameters ,  t o  be chosen 

l e n g t h ,  a and t h e  o 3  

t o  g i v e  a s  good a f i t  of t h e  t r u e  cu rve  as  p o s s i b l e .  The t r i a l  

f u n c t l o n s u s e d  were made ~p f r e m  Is hydrogenic  o r  Gaussian atomic 

o r b i t a l s ;  some al lowance f o r  p o l a r i z a t i o n  was inc luded  i n  a number 

of t h e  computat ions.  The r e s u l t i n g  cu rves  f a i l  t o  g i v e  as f a i t h f u l  

a r e p r e s e n t a t i o n  of t h e  t r u e  curves as  had been d e s i r e d ,  F u r t h e r  

improvement would r e q u i r e  t h e  a d d i t i o n  of u n d e s i r a b l e  complexi ty  

i n  t h e  t r i a l  f u n c t i o n s  and t h e r e f o r e  i n  t h e  computat ions f o r  t h i s  

and f o r  more complex systems. 
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An a l t e r n a t i v e  method af >eni-empirici;m might t s k e  the f;Lm 

computing t h e  d i a t ~ i r l i c  p 3 t e n t i a l  energy c c c v e s  i n  rbe i lsulJ way, 

f o r c i n g  d f i t  of t h i s  comipilted curve t 3  the a i ~ u r a t e l y  k n m n  curve  

by s u i t c l b l e  ad jus tment  o t  parameters  an3 then  - 2 r r y i n g  a u t  t h e  

c a k u l a t i o n  fo r  the polyatorciic s y D t E m  wi rh  t h e  p a r a r n e t ~ r  c itbr - i n e d  

f rom t h e  d ia tomic  cs%eulation. 

This  r e p o r t  d e a l s  w i t h  a t tempts  t o  c a r r y  o u t  the f u = t  s t ~ g : e  

of t h i s  scheme, i . , e u  t3 ihoose a s imple  form 1-01 d cri=iiL functiCr:i a i ~ j  

t o  t hen  f o r c e  a f i t  3f t h e  accur-re!y known p o t e n t i a l  f o r  the  1 
and t h e  

s c a l e d  HeitEer-Londan or Wang type f u n c t i o n  u s i n g  scaled h y 3 ~  s g t n i c  

-t 4 

& 
st;tes s f  H L 2  The t r f a l  f u n : t i r J n 5  nseS wert (11 a T+ u 

atomic o r b i t a l s ,  and (3) a funcriciai l i k e  ( 2 )  t3 w h i c h  e l e c t r a n  

e o r r e l a t i o n  a l o n g  the  interni ie4ezL axis  was ~ d d e d  i n  a ~ 3 . i t . w t ; ; i ~  
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a r b i t r a r y  f a s h i o n  t o  improve t h e  long r ange  i n t e r a c t i o n  behavior  

I n  a l l  t h r e e  c a s e s ,  t h e  a d j u s t a b l e  pa rame te r s  u t i l i z e d  t o  f i t  t h e  

exper imenta l  d a t a  were t h e  s c a l i n g  parameter i n  t h e  a tomic  o r b i t a l s  

2 
and t h e  s o - c a l l e d  atomic u n i t s  e /ao and a . The v a l u e s  chosen 

f o r  t h e s e  c o n s t a n t s  were such a s  t o  i n s u r e  t h a t  t h e  p o t e n t i a l  

r e s u l t i n g  from a ' r i g o r o u s '  computation of t h e  b i n d i n g  ene rgy  

e x p e c t a t i o n  v a l u e  wi th  t h e  g iven  t r i a l  f u n c t i o n  have t h e  c o r r e c t  

w e l l  dep th  ( s p e c t r o s c o p i c  d i s s o c i a t i o n  energy)  and e q u i l i b r i u m  

n u c l e a r  s e p a r a t i o n ,  w i th  a v a r i e t y  of c o n d i t i o n s  used for  t h e  

r e q u i r e d  t h i r d  c o n d i t i o n .  

0 

The r e s u l t i n g  p o t e n t i a l  cu rves  f a i l  t o  g i v e  a s  f a i t h f u l  a 

r e p r e s e n t a t i m  of t h e  t r u e  s i n g l e t  and t r i p l e t  c u r v e s  a s  had been 

d e s i r e d ,  with s i g n i f i c a n t  improvement seemingly dependent on t h e  

a d d i t i o n  of (unwanted) complexi ty  i n  t h e  t r i a l  f u n c t i o n s  and t h e r e f o r e  

i n  t h e  computations f o r  complex systems. 
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The ,-econd, y- , i s  o f  t h e  same t y p e  ex -ep t  t h a t  the 

have  been r e p l a c e d  b y  s imple G~riussian f ~ ~ r i c r 1 0 n ~ .  I h o t ~ g h  ~t das t u  

b e  expected t h a t  this j ~ b j t ~ t u t l o n  wou ld  l e & d  t a  le=$ ~ L C - u r d t e  

r f ~ ~ l t s  t h a n  t h e  f i r s t  choice ,  the advantages  o t  t h e  clse G a ~ j r s l a n s  
7 

(primarily t h e  fdr  g rea t e r  ease of e v a l u a t i o n  o t  m u L t l s r c t t ~  

i n t e g r a l s )  € 3 ~  t h e  ex rens fon  of t he  method t o  p a l y ' a t o u l t  5ybtetris 

mide  t h L s  funcsrion well ~ ~ 3 ~ t h  i n v e s t i g a t i o n .  I n  edch cdse, t h e  

upper s i g n  S =  L i k e n  f c r  t h e  s t a t e  and t h e  lower f o r  the 

c' s t j t e .  
cc 

From t h e  o a t s e t  i t  ~ 2 s  recognized Lhat t h e = t  I = u ? - L : s ~ =  WJLISJ 

6 
f a i l  t o  g i v e  t h e  p r o p e r  (1fiR) dependence f o r  t h e  l a n g  range 3r 
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c o r r e l a t i o n  necessa ry  t o  b r i n g  about  such a form a t  long r ange  i n  

a s  s imple  a s  p o s s i b l e  way, t h e  second f u n c t i o n  

t o  g ive  the  l a s t  f u n c t i o n  yGp . 
'pG , was modif ied 

t- 
Again, t h e  upper s i g n  r e f e r s  t o  t h e  ' s t a t e  of t h e  molecule .  

3 
I n  a l l  of t h e s e  func t ions ,  t h e  c o o r d i n a t e  system employed i s  

i l l u s t r a t e d  i n  F ig .  1. Dis t ances  a r e  cons ide red  t o  be measured i n  

u n i t s  of  a (an a d j u s t a b l e  parameter!)  and z i s  a n  a d j u s t a b l e  

s c a l i n g  or s c r e e n i n g  parameter .  The parameter  /3 , sugges ted  by 

t h e  paper o f  H i r s c h f e l d e r  and L i n n e t t  , which governs t h e  e x t e n t  of 

e l e c t r o n  c o r r e l a t i o n  a long  t h e  d i r e c t i o n  of t h e  i n t e r n u c l e a r  a x i s  

was chosen i n  a p a r t i c u l a r  way a s  d i scussed  below, and i s  n o t  

independent  of t h e  cho ice  of  z . 

0 

8 

The computation of  a b i n d i n g  ene rgy  cu rve  fo r  a p a r t i c u l a r  

t r i a l  func t ion  i s  r e p r e s e n t e d  fo rma l ly  by e q u a t i o n  ( 4 )  
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where t h e  Hami Ptoni.an i s  

T h i s  g ives  t h e  cu rve  i n  terms of pseudo-atomic u n i t s  of energy, 

e /ao , and l eng th ,  a 

f o r  t h e  ‘ 
o c c u r r i n g  a t  t h e  c o r r e c t  i n t e r n u c l e a r  s e p a r a t i o n .  

2 
These were chosen i n  each  c a s e  t o  obcar;l 

0 + 
s t a t e  a p o t e n t i a l  minimum of t h e  proper deprh 

9 

A t h i r d  c o n d i t i o n  i s  necessa ry  t o  e s t a b l i s h  t h e  v a i ~ i t !  o r  rhc; 

s c a l i n g  parameter,  z A major p o r t i o n  of t he  e f f o r t  hhs Feci: :ii 

s e e k i n g  away of choos ing  t h i s  parameter t o  g ive  t h e  b e s t  possfble 

f i t  of bo th  t h e  s i n g l e t  and t r i p l e t  c u r v e s .  

I n  t h e  c a s e  of y,, two c o n d i t i o n s  were t r i e d  for f i x i n g  z 

The f i r s t  of t h e s e ,  r e f e r e d  h e r e a f t e r  as H1, involved  r e q u i r i n g  

t h a t  t h e  r e p u l s i v e  p o r t i o n  of the s i n g l e t  curve  c r o s s  t h e  ze ro  

ene rgy  l i n e  a t  t h e  proper i n t e r n u c l e a r  d i s t a n c e .  The second 

c o n q f t i o n ,  H 2 ,  was t o  e q u a t e  t h e  second d e r i v a t i v e  of t h e  s i n g l e t .  

cu rve ,  eva lua ted  a t  t h e  p o t e n t i a l  minimum, t.o t h e  f o r c e  const.ant 

which i s  o b t a i n a b l e  from t h e  fundamental v i b r a t i o n  frequency.  

D e t a i l s  a r e  g iven  i n  t h e  fo l lowing  s e c t i o n ,  It w i l l  be noted t h a t  

t h e  c h o i c e  of z is independent of t h e  c h o i c e  of e / a o a n d  Q J ~  . 
a 

I n  a d d i t i o n ,  a s e r i e s  of c a l c u l a t i o n s  f o r  a r b i t r a r y  v a l u e s  of 

z r a n g i n g  from 0.75 t o  2.00 were c a r r i e d  out  i n  order Lo d e t e x E x e  
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t h e  c h a r a c t e r i s t i c s  of t h e  p o t e n t i a l  c u r v e s  ob ta ined  wi th  a wider 

r ange  of  p raae i te r  va lues  than  was a f f o r d e d  by H l  and H2 

These c a l c u l a t i o n s  are l abe led  HZ. 

With PG t h e  c o n d i t i o n s  imposed were as  fo l lows :  

G I : :  e n t i r e l y  s i m i l a r  t o  H1. 

C-2: t h e  a t t empt  t o  impose t h e  c o n d i t i o n  similar t o  "Z l e d  

t o  t h e  conc lus ion  t h a t  one cannot  q u i t e  s a t i s f y  t h e  

c o n d i t i o n  w i t h  t h i s  t r i a l  f u n c t i o n .  The computat ion 

l abe led  G2 was cont inued  w i t h  t h e  v a l u e  of z which 

cclme5 c l o s e s t  t o  s a t i s f y i n g  t h e  c o n d i t i o n ,  

./', 
G 3 .  S ince  a f i t  of t h e  cut;; as  +i.+ell 6 s  t h e  ' E' cclrve 

3 
wa5 a pr imary g o a l  of t h e  i n v e s t i g a t i o n ,  one p o i n t  OF 

t h e  a c t u a l  curve  may be used t o  " f i x  2". The p o i n t  used f o r  

t h i s  c a l c u l a t i o n  was a t  t h e  same i n t e r n u c l e a r  s e p a r a t i o n  

tL.,e n f k L t ~ ~ s  on t h e  d i f f e r e n t  c e n t e r s ,  i t  i s  convenient  LO wrf t e  

t h e  H c i m i l t o n i a n  i n  t e rms  of  a n  atomic Hamil tonian for  each atom 

p l u s  a mil l t ipole  expansion of t h e  remain ing  terms which r e p r e s e n t  

t h e  i n t e r a c t i o n  of  t h e  t w o  a tomse9  Thus 
- 
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A t  l c n g  r a n g e  rhe  f u n c t i o n  (PGp may be s i m p l i f i e d  t o  

The i n t e r a c t i o n  energy IOZ l i r g e  s e p a r a t i o n s  ib t h e n  found t o  be 

g iven  b y  ( t h e  necessa ry  i n t e g r a l s  were t a k e n  from w o r k  of  H i r s sh fe lde r  

and of Kkcr  1 10 

where 

x = ta R 4  
6 It i s  immediately n o t i c e d  t h a t  the d e s i r e d  I j R  dependence w i l l  

be  obta ined  i f  

I3 - / 3 =  3/a (93  

With t h i s  cho ice  ( f o r  comparison, see t h e  long r ange  f o r a  iound b y  

& H i r s c h f e l d e r  and P i n n e t t  2 t h e  energy i s  g iven  by 

I t  i s  appa ren t  t h a t  t h i s  will be a t t r a c t i v e  only i f  

( i G j  



and t h a t  f o r  given x t h a t  t h e  minimum v a l u e  of t h e  i n t e r a c t i o n  

ene rgy  w i l l  be  ob ta ined  f o r  

I 

. 
T h i s  minimum v a l u e  f o r  t h e  ene rgy  i s  given by 

I t E =  - -  
8 E+%% 

Pre l imina ry  c a l c u l a t i o n s  i n d i c a t e d  

I 
-7 

t h a t  f o r  a l l  r e a s o n a b l e  v a l u e s  

of z , t h i s  long r ange  energy i s  smaller i n  a b s o l u t e  magnitude 

than t h e  c o r r e c t  1 / R  d i s p e r s i o n  energy.  The re fo re  i n  t h e  

computations r e p o r t e d  he re ,  /3 
by equa t ion  (9 )  w i t h  t h e  c o n s t a n t  B g iven  a s  a f u n c t i o n  of z 

by equa t ion  (11). P r i m a r i l y  f o r  r e a s o n  of s i m p l i c i t y  t h i s  form 

was maintained f o r  a l l  s e p a r a t i o n s ;  i t  may b e  w e l l  t o  n o t e  t h a t  

6 

w a s  t aken  t o  have t h e  form given 

t h e  analogous parameter i n  

e x h i b i t s  cons ide r  a b l y  mor e 

s m a l l  s e p a r a t i o n s .  

8 
t h e  work of H i r s c h f e l d e r  and L i n n e t t  

complex behavior  a t  i n t e r m e d i a t e  and 

2 The choice of t h e  t h r e e  pa rame te r s  z , e /ao and a. were 

then  made a s  f o l l o w s :  f o r  each  computation, a v a l u e  of z was 

chosen, with t h i s  c h o i c e  f o r  t h e  c a l c u l a t i o n s  GP1, GP2, and GP3 

b e i n g  t h e  va lues  ob ta ined  i n  t h e  c a l c u l a t i o n s  G 1 ,  G2,  and G3, 

r e s p e c t i v e l y .  

t h e  s i n g l e t  c u r v e  t o  t h e  proper  n u c l e a r  s e p a r a t i o n  and depth,  t h e  

I n  o r d e r  t o  r e s t o r e  t h e  p o i n t  of p o t e n t i a l  minimum f o r  
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Y 

I 
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111. DETAILS OF THE C A E U L A T I O N S  

A .  C a l c u l a t i o n s  w i t h  t h e  Hydrogenic Wang Funct ion ,  yH 
The t r i a l  f u n c t i o n  g iven  i n  e q u a t i o n  (1) leads  t o  t h e  f o l l a w i n g  

e x p r e s s i o n  f o r  t h e  b i n d i n g  energy  of t h e  molecule :  

and L inne t t ,  r e f .  8 )  

(See H i r s c h f e l d e r  

which has  t h e  form 

Here 

(15 j 

and t h e  p o s i t i v e  s i g n  i s  t aken  f o r  t h e  s i n g l e t  s t a t e ,  t h e  n e g a t i v e  

s i g n  f o r  the  t r i p l e t .  

The s i n g l e t  curve w i l l  have aminimum a t  some q = 9,. The 

c o n d i t i o n  s a t i s f i e d  f o r  t h i s  p o i n t  i s  

, -  

qo - which se rves  t o  r e l a t e  z and 



11 

c 

2 = -(*) / 
t o  

(173  

Requinfng t h a t  t h e  min--mum correspond t o  t h e  expe r imen ta l  

equllibriuw s e p o r a r i 2 n ,  2 (0 ,7&14% A )  t h e n  f fxes  t h e  p e r a n e t e r  

a h r  zny a r b ; t r 3 ~ y  c h o i c e  of q 

0 4  
( 3 )  

0 0 

The v a l u e  2f e a my then be chosen 5cleh t h a t  equa.t:on { la ,  
0 

gfves t h e  cs rxec t  b ind ing  energy, 19 % e 
e v a l u a t e d  a t  

- 4 , k  
( -36 2 9 2 , 7  LIT? ,I 

may be removed by 4, The a s b i t r a r i n e s j  a f  t h e  chc-ice of  

impo,;ng a t h i r d  c o n d f t i o n ,  ( I n  view of eqn ,  ( 1 7 )  c h i s  I s  

e q u i v a l e n t  to an  d r rb i t r a ry  choice of 2). In  t h e  c o r r p t a t k o n  B 1 

re fered  t o  Fn t h e  p reeed lng  s e c t i o n ,  the condit.ion 15 LO r e q u i r e  

t h e  c r o s s i n g  of t h e  zero o f  energy l i n e  by t h e  repa1d4ve s s c r  Dn 

of t h e  s i n g l e t  curve t o  come a t  che proper v a l u e  oF R = R I) 

(0041P19 A )  

any c a l c u l a t e d  cu rve  wiil C T B S E  t he  

Then 

C 
O L r  

The c o n d l t l o n  i s  e a s i l y  formulated by n o t i n g  t h a t  

= 0 l i n e  f o r  some q = qc E+ 
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Then t h e  c o n d i t i o n  t o  be  s a t i s f i e d  i s  

through = .554598 q and z i s  a f u n c t i o n  of S ince  now 

e q u a t i o n  ( 1 7 ) ,  t h e  computation may be c a r r i e d  ou t  a s  a s e a r c h  for 

t h e  v a l u e  of q s a t i s f y i n g  equa t ion  (20).  E x p l i c i t  e x p r e s s i o n s  

f o r  t h e  func t ions  and t h e i r  d e r i v a t i v e s  a r e  g iven  i n  Appendix A .  

I n  the computation H 2 ,  a s  p r e v i o u s l y  mentioned, t h e  cho ice  

(or  z )  i s  based upon t h e  second d e r i v a t i v e  of t h e  s i n g l e t  

40 qc 0 

0 

qo of  

energy curve a t  t he  minimum. From e q u a t i o n  (13) 

Upon mul t ip ly ing  t h i s  by R 2 / E  a n  equa t ion  i s  obta ined  
0 0  

i n  which the  l e f t  s i d e  c o n t a i n s  only  terms which may be r e l a t e d  

t o  exper imenta l  q u a n t i t i e s  and t h e  r i g h t  s i d e  i s  a f u n c t i o n  of 

on ly .  The l e f t  s i d e  may be eva lua ted  by w r i t i n g  i t  a s  

qo 
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and U L L L I ~  t h e  v5ilue2 

-1 
D -  - 38 2 Y 2 >  7 cm Ref ,  4 

e 

Oqe o b t a i n s  

Ref ,  4 

“e 

I h e  LaPcula t ion  HL was calrrf td  azitl. b y  coriderctf.ng a i-,I,iierital 

s e a r c h  f o r  t he  v s l u e  ~f 

expresseons  f o r  t h e  d e r i v a t i v e s  and f u n c t i o n s  needed i n  t h e  

c o m p u t a t i m  are given  i n  Appendfx A ,  The f i x i n g  Qf  a ;nd e l a  

a r e  conpleted i n  t h e  same manner as desc r ibed  above, 

s a t f s f y i n g  equs r lon  ( 2 2 1 ~ ~  Deta i led  40 

2 
0 3 

The HZ Computations were reEatfvePy s i m p l e  compared t o  those 

of  HI and HZ, For a given vaiue of 2 a r b i t r a r y  b u t  r easonnb ie  

apprax iaa t ; ens  were ihasen  f o r  a and e Is A n i m e c ~ c a I  o~*r;:i 

f a r  t t e  dnimurn i n  rhe s i n g l e t  c u r v e  (Eqn, l k >  was c a r r i e d  o a t ,  

having  thus  e s t a b l i s h e d  

e l a  (eo g 

2 
0 0 

new v a l u e s  f o r  a (Eqn, 18) and 4, 0 

2 
0 
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ti. Calcu la t ions  wi th  t h e  Gaussian Wang Funct ion ,  (PG 

The t rea tment  f o r  t h i s  t ype  of approximate wave func t ;  ,on was 

analogous t o  t h a t  f o r  t h e  Hydrogenic f u n c t i o n  j u s t  d i s c u s s e d ,  The 

e q u a t i o n  corresponding t o  (14) i s  

where 

The expressi .ons f o r  f + ( x )  - and 3 + ( x )  - were obta ined  us ing  
T n  

i n t e g r a l s  worked ou t  by Hi r sch fe lde r  and by KimA".  

exp res s ions  f o r  t h e  r e q u i r e d  d e r i v a t i v e s  a r e  g iven  i n  Appendix B o  

These a long  wl th  

The c a l c u l a t i o n  f o r  G 1  was c a r r i e d  ou t  e x a c t l y  a s  desc r ibed  

fo r  H 1  with no d i f f i c u l t i e s  encountered.  

s a t  i s  fy i n g  t h e  40 The c a l c u l d t i o n  f o r  G2 f a i l e d  t o  f ind  a 

conclft ion expressed by equa t ion  ( 2 2 ) .  The sea rch ,  which took t h e  

form of seeking a z e r o  of t h e  f u n c t i o n  

der ived  from equa t ion  ( 2 2 ) ,  d i d  y i e l d  t h e  in fo rma t ion  t h a t  

has  a maximum j u s t  s l i g h t l y  less than  z e r o ;  

of 

e v a l u a t i o n  of parameters  and computat ion of b ind ing  energy cu rves .  

A(qo) = 4.164696 - F ( 4  
0 

A(qo) 

t h e  cor responding  v a l u e  

was t h e r e f o r e  used i n  f u r t h e r  computat ions l abe led  G2 f o r  90 

The f i n a l  computat ion f o r  t h i s  type  of f u n c t i o n  had a s  i t s  
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* 

o b j e c t i v e  t h e  concur ren t  f i t t i n g  o f  t h e  s i n g l e t  and t r i p l e t  curves  

i r t  a n  i n t e r n u c l e a r  s e p ~ a t i o n  corresponding t o  t h e  s i n g l e t  minimum, 

Th i s  z o n d f t l o n  may be met:  by r e q u i r i n g  t h e  r a t i o  of t h e  c a l c u l a t e d  

e n e r g l e s  t o  be e q u a l  t o  t h e  accu ra t e  r a t i o  ; i . e o 9  t h a t  
4 

on ly  a s ea rch  fo r  
40 S ince  t h i s  c a l c u l a t e d  r a t i o  i s  a func t ion  of 

t h e  s a t i s f y i n g  va lue  of  

parameters  z g  e /ao and a were determined i n  t h e  manner 

p r e v i o u s l y  desc r ibed .  

was conducted, once i t  was found, t h e  90 
2 

0 

C, Calculations wFch t h e  Polar ized  Gaussian Funct ions  

When t h e  energy expres s ion  analogous t o  those  o f  equa t ions  (13) 

or  (23) i s  worked o u t  f o r  t h e  func t ion  y)Gp. wi th  8 given by 

e q u a t i o n  (11) f o r  t h e  r easons  d iscussed  i n  s e c t i o n  I T ,  t he  expres s ion  

i s  c o n s i d e r a b l y  more complicated and cannot  be put  i n  a s  s i m p l e  a 

form i n  t.he parameter 2 a s  i n  those e a r l i e r  c a s e s .  The d e t a i l e d  

e x p r e s s i o n  i s  g iven  i n  Appendix C. 
6 

2 
Thls  complexi ty  does no t  g r e a t l y  a f f e c t  t h e  cho ice  of e /ao 

and a t o  make t h e  computed curve f i t  t h e  s i n g l e t  p o t e n t i a l  

minimum, bu t  i t  does mhkp t h e  a p p l i c a t i o n  of a t h i r d  c o n d i t i o n  f o r  

0 

t h e  choos ing  of z i n  t h e  manner of t h e  e a r l i e r  c a l c u l a t i o n s  

p r o h i b i t i v e l y  d i f f i c u l t .  However, i,t i s  r e l a t i v e l y  easy  t o  



i n v e s t i g a t e  t h e  behavior  of  t h i s  p o t e n t i a l  f u n c t i o n  as a f u n c t i o n  of 

by s imply choosing a r b i t r a r y  v a l u e s  of  z , e s t i m a t i n g  a 0 and e /ao 

roughly ,  l o c a t i n g  t h e  minimum of  t h i s  p o t e n t i a l  curve  and t h e n  

r e a d j u s t i n g  t h e s e  two parameters  t o  g i v e  t h e  d e s i r e d  f i t  a t  t h e  

minimum, 

z 

2 

I V ,  RESULTS 

The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  are enbodied i n  t h e  v a l u e s  

of  t h e  parameters  ob ta ined ,  which are p resen ted  i n  Tables  I - I11 
and i n  t h e  p o t e n t i a l  energy cu rves  p l o t t e d  i n  F igu res  2 - 1 6 ,  

For comparison t h e s e  f i g u r e s  a l s o  show t h e  a c c u r a t e  cu rves  o f  Kolos 

and Wolniewicz4, t h e  Morse curve  for t h e  s i n g l e t  s ta te ,  and an a n t i -  

Morse curve’ (modif ied Sa t0  f u n c t i o n )  f o r  t h e  t r i p l e t  cu rve ,  

The equa t ions  f o r  t h e  l a t t e r  t w o  curves  are: 

Morse 

Ant i-Morse 

The v a l u e s  f o r  t h e  parameters  are g iven  i n  Table  I V ,  

I n  t h e  GPZ c a l c u l a t i o n s ,  t h e  v a r i a t i o n  of t h e  o t h e r  parameters  

16  
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as t h e  va lue  of z i s  changed was ob ta ined ,  t h e  r e s u l t s  are shown 

i n  F igu res  ,L7-19, 

c o e f f i c i e n t  o f  1 / R  ob ta ined  i n  these c a l c u l a t i o n  t o  t h e  t r u e  va lue  

as a f u n c t i o n  of  z 

Figure  20 g ives  a p l o t  of  t h e  r a t i o  of t h e  

6 9 

V CONCLUSIONS 

A s  a r e s u l t  of t h i s  s tudy ,  s e v e r a l  r a t h e r r g e n e r a l  conc lus ions  

may be drawn: 

A ,  The computation of  p o t e n t i a l  energy cu rves  us ing  t h e  t r i a l  

f u n c t i o n s  he re  r e p r e s e n t e d  a r e  r e l a t i v e l y  s imple  and quick  t o  

perform if a h igh  speed computer is used ,  For example, a s e t  o f  

computat ions such as  GPZ ( a s  i l l u s t r a t e d  i n  F igu res  1 2  - 1 6 )  

i n v o l v i n g  complete s i n g l e t  and t r i p l e t  cu rves  ( 7 5  p o i n t s  each )  for 

n i n e  v a l u e s  of z r e q u i r e d  two minutes of CDC 1604 computing t i m e ,  

Th i s  i n c l u d e s  compil ing t i m e ,  p r i n t i n g  t ime ,  and t h e  s e a r c h  t o  f i t  

t h e  pa rame te r s ,  s o  t h a t  on ly  a small  f r a c t i o n  o f  t h e  t ime was 

a c t u a l l y  spent computing t h e  curves themselves ,  I t  should  a l s o  be 

added t h a t  l i t t l e  a t t e n t i o n  was given t o  development o f  t h e  most 

e f f i c i e n t  programs f o r  t h e s e  computat ions;  i f  any l a r g e  scale use 

o f  t h i s  method were t o  be made, a c o n s i d e r a b l e  improvement could  

undoubtedly be achieved ,  

The time r e q u i r e d  f o r  t h e  HZ computat ions was approximate ly  

t h e  same as needed f o r  t h e  GPZ c a l c u l a t i o n s ,  Although t h e  form 

o f  t h e  t r i a l  f u n c t i o n  and t h e  energy expres s ion  seem s i m p l e r ,  t h e  
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i n t e g r a l  e v a l u a t i o n s  invo lved  a r e  c o n s i d e r a b l y  more d i f f : c t l . t  2nd 

t i m e  consumeng. 

B o  In  o v e r a l l  f a i t h f u l n e s s  of r e p r e s e n t a t i o n  sf t h e  Moloa 

4 
and Wolniewicz 

does abouK a s  w e l l  a s  t h e  Hydrogenic Wang f u n c t i o n ,  'p, 

s imple  Gaussian Wang f u n c t i o n ,  pG is d e f i n i t e l y  i n f e r i o r .  A P P  

of t h e  f u n c t i o n s  lead t o  s i n g l e t  cu rves  which e x h i b i t  t o c  :it.iie 

curves:, t h e  p o l a r i z e d  Gaussian Wang f u n c t i o n ,  (pGp 

. T h e  

b i n d i n g  i n  t h e  m i d d l e  r ange  ( 2 . 5  < R < boo), i n  con t r a s t .  t o  t h e  Mcrse 

cu rve  which f a i l s  i n  t h e  o p p o s i t e  d i r e c t i o n ,  

The t r i p l e t  cu rves  a re  less s a t i s f a c t o r y ,  as  might b 2  e X F e C L @ d  

s i n c e  ths. p a r a z e t e r  cho ice  was based on t h e  minimuv cf tho  3.zng.iet 

c u r v e o  The conrputed cu rves  c o n s i s t e n t l y  g i v e  t o o  h i g h  a n  cnargy 

( a r e  t o o  r e p u l s i v e )  a t  smal l  s e p a r a t i o n s  (R < 2 - 5 )  and a?+_hsugh 

t h e  Fo la r i zed  Gaussian form does have a van d e r  Waals a r n i m n :  ~t 

rough ly  the  c o r r e c t  v a l u e  of R i t  i s  t o o  shal low.  

I C, I n  a c e r t a i n  sense ,  t h e  r e s u l t s  a r e  d i s a p p o i n t i n g ,  

p a r t i c u l a r l y  i n  t h e  s h o r t  r ange  p o r t i o n  of t h e  t r i p l e t  c u r v e s  and 

i n  t h e  m L d d l e  and long r a n g e  p o r t i o n s  of t h e  s i n g l e t  c u r v e s ,  I n  

p a r t i c u l a r ,  t h e  GPZ c a l c u l a t i o n s  show r a t h e r  c o n c l u s i v e l y  t h a t  t h i s  

t y p e  of  f u n c t i o n  does n o t  c o n t a i n  s u f f i c i e n t  f l e x i b i l i t y  t o  fit t h e  

whole range o f  R v a l u e s  and cannot  be made t o  have t h e  p r ~ p e u  

long range i n t e r a c t i o n .  

Improvement could undoubtedly be ob ta ined  by making B a 
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f u n c c i o n  of R , r a r h e s  t h a n  a cons t an t ,  and f u r t h e r  improvement 

I n  t h e  l m g - r e n g e  behavior  weuld r e s u l t  from add ing  x and y 

c o r r e l a t i o n  as i n  HirschfeLder  and L l n n e t t  I t  i s  u n l i k e l y ,  however, 

t h a t  t h e s e  improvements would be s u f f i c i e n t  t o  coripensate f o r  t h e  

much g r e a t e r  c o m p k x f t y  which would r e s u l t  i n  t h e  computa t iona l  

e f f o r t  r e q u i r e d  

8 
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H 1  

H 2  

HZ 

TABLE I 

O H  Parameters  For Hydrogenic Wang Funct ion,  

1.47584689 

1.77499307 

0.75 

1.00 

1.25 

1 z 

1 . 5 0  

1 .75  

2 .00  

0.659796989 

0.790134302 

0.341005509 

0.45 145895 1 

0.561149318 

0.670456365 

0.77936 18 75 

0.888097438 

2 - a  
e /ao (cm 3 

5 
1.34273729 x 10 

4 
8 .92062764 x 10 

6.76993983 x lo5 

3,30193502 x LO5 

1.95678272 x I O 5  

I. 29482548 x 1 2  

9.20257901 x IC” 
4 

6 .87713793 x 10 

c 



2 1  

G1 

G 2  

G3 

TABLE 11 

'pc Parameters for Gaussian Wang Function, 

Z 

1.21614849 

3.308958 

0.269293887 

0.9213741IO 

2.220810 

0.223579725 

4 7.60308523 x 10 

4 
1.176088 x 10 

5 8.36352720 x 10 



2 2  . 

CF 1 

GP 2 

CP 3 

GPZ 

TABLE 111 

Parameters  f o r  P o i a r i z e d  Gaussian Wang F u n c t L m 9  YGp 

2 

1 2 16 14849 

3.308958 

0,26929388 7 

0 5ocooo 

" 7 50000 

1 - 0  

1 , 2 5  

1.50 

1.75 

2.0 

2 ,25  

2.50 

I-. 17357900 

2.747089 

0.3026936 

546673739 

J76474563 

991553328 

1.20174459 

1.40825854 

I., 6 106 39 7 3 

1.80756696 

1.99854898 

2.18307460 

e 2 /a (cm -1 j 
0 

L 
4.13027000 x IC 

9.8053322 x 10' 

5 
1.222835 x I C -  

4 8.44743682 x 10 

4 6,50564971 x 10 

4 5.07723544 x IC, 

4.00281044 x 20- 

4 
3.2059843L x 1C 

4 2.6120096;7 x 16 

2.16258303 x ko4 

4 1 . 8 1 6 4 1 5 ~ 3  x 10 

4 
1,54502829 x 1C 

I 

B 
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TABLE IV 

Parameters  f o r  Morse and A n t i  Norse Func t ions  

Dl 

D3 

/3 

a 

e R 

-1 38292.7 cm 

15790.8 cm-' 

1.04435 

i. 000122 

1.4011 au 



AFPENDIX A 

The Funct ions  and f o r  t h e  Hydrogenic Wang Func t ion .  
fi g+ 

I +  
(Upper s i g n  refers  t o  C s t a t e ) .  

9 

The expres s ions  fo r  Qo, So, Bo and D a r e  a l l  t aken  from 
0 

8 Hirsch fe lde r  and L i n n e t t  . E x p l i c i t l y  they are  t h e  fo l lowing :  

24 
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Here 

The d e r i v a t i v e s  needed f o r  the c a l c u l a t i o n s  desc r ibed  were 

?f = . 5772156649  and E: ( - x )  is rhe  e x p o n e n t i a l  f n t e g r a l  1 2  , 
L 

e v a l u a t e d  from the  above expres s ions  a s  f o l l o w s :  

1st  D e r i v a t i v e s  



26 

d 5, 
4 - 1 2  - d %  

I 
A - 1 4  

I - 
A-15 

A- 16 

I 
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A - 1 7  

d 'f+ 
df 

I"; -q- d 

A-18 

1 -  

daQo - - -  
%a 

A - 2 0  

d"S0 - - 
%" 

d 

( 1  + s,Y 

A - 2 1  



2 8  

A-22 

A - 2 3  

e 
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wr i t t en  as 



B-6  F(X) = ig e V f  (6) 

'1 1 
where erf (Z)  i? the error function. 

1st Der ivat ives  

30 
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2nd Der i v a  t i v e  s 

J 
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APPENDIX C 

Binding energy expres s ion ,  Gaussian Wang w i t h  s imple 

p o l a r i z a t i o n  

c- 1 

2 \+ 

Her e 
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and i n  t h e  computations,  t h e  c o n s t a n t  B i s  given by 

( see  eqn. 24 and preceeding d i s c u s s i o n ) .  

The remain ing  q u a n t i t i e s  i n  C - 1  a r e  given by t h e  fo l lowing  

expres s ions ,  w i t h  t h e  upper s i g n  taken  fo r  t h e  

and the  lower s i g n  f o r  the 

s t a t e  ‘ c+ 
g 

s t a t e .  2+ u 
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\ - x  
c - 9  T,,<x) = +, r x ( x  -$)e 

X 
- x  - -  

= t a# e a + < x - I >  F (a)] e c-10 V N B  (x) l a  
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3 ,  

4 .  

c -1 e 

6 ,  

7 "  

8.  

9. 

10 

11. 

E2 0 
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CAPTIONS FOR FIGURES 

Figure Caption 

4-6. 

7. 

8. 

1. The coordinate system used in these calculations 

2-3 .  Fitted singlet curves resulting from Wang type trial 

functions with hydrogenic orbitals. For comparison, the 

exact curve as computed by Kolos and Wolniewicz (ref. 4 )  

and the familiar Morse potential are plotted also. 

Fitted triplet curves resulting from Wang type trial 

functions with hydrogenic orbitals. For comparison the 

exact curve as computed by Kolos  and Wolniewicz (ref. 4 )  

and an "anti-Morse potential'' (ref. 2) are plotted also. 

Fitted singlet and triplet curves resulting from Wang 

type trial functions with hydrogenic orbitals and with 

arbitrary values of the screening parameter z .  

Fitted singlet curves resulting from Wang type trial 

functions with Gaussian orbitals. 

9. Fitted triplet curves resulting from Wang type trial 

functions with Gaussian orbitals. 

10. Fitted singlet curves resulting from trial functions 

which include polarization; Gaussian orbitals. 

11. Fitted triplet curves resulting from trial functions 

which include polarization; Gaussian orbitals. 

12-13. Fitted singlet curves resulting from trial functions 

which include polarization, Gaussian orbitals; arbitrarily 

chosen values for the screening parameter. 
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Captions, continued 

14-16, Fitted triplet curves resulting from trial functions 

which include polarization, Gaussian orbitals; 

arbitrarily chosen values for the screening parameter. 

Variation of the energy parameter e2/ao with the 17. 

screening parameter z for polarized Gaussian trial 

functions. 

Variation of  the length parameter a with the screening 

parameter z for polarized Gaussian trial functions. 

Variation of the optimum polarization constant B with 

the screening parameter z for polarized Gaussian trial 

functions. 

0 
18. 

19. 

20. Ratio of the long range energy calculated with polarized 

Gaussian trial functions and arbitrary values of z to 

the correct London dispersion energy. 

. 
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